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Abstract

Adaptive randomization methods in clinical trials aim to balance ethical considerations with
statistical efficiency. Classical procedures ensure balance but often suffer from high variability. The
Doubly Adaptive Biased Coin Design (DBCD) applies to multiple treatments but does not achieve
minimal variance. The Efficient Randomized Adaptive Design (ERADE) improves efficiency through
a discontinuous allocation rule and provides asymptotic normality of allocations, but only in the
two-treatment case. We propose a new algorithm that generalizes ERADE to K treatments, while
preserving its key asymptotic properties: almost sure convergence, asymptotic normality, and efficiency.
Moreover, the design can be integrated into Track-and-Stop algorithms for Best Arm Identification in
multi-armed bandits, providing asymptotic results that complement existing optimality analyses and
reinforcing the connection between adaptive clinical trial designs and sequential learning methods.
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Index of Notation

DBCD
ERADE
RAR
MAB
BAI
LIL
SLLN

A»B

Double Adaptive Biased Coin Design

Efficient Randomized Adaptive Design

Response-Adaptive Randomization

Multi-Armed Bandits

Best Arm Identification

Law of the Iterated Logarithm

Strong Law of Large Numbers

Number of Treatment

Number of patients

Assignment variable, 1 if patient m is assigned treatment k, and 0 otherwise
Response of patient m to treatment k

Number of patients assigned to treatment k at time m

Set of integers {1,...,k}

The K-dimensional simplex {(vi,...,vxk) : vg >0, Zszl v =1}

For a function h(u,w) : Rl x RM — REX v, (h) = (Bhk

)ie[L],ke[K]
Almost Surely

Infinitely Often

A — B is positive semi-definite



1 Introduction

1.1 Motivation: clinical trials and Response-Adaptive Randomization (RAR)

Clinical trials are systematic experiments conducted to compare medical treatments under controlled
conditions. Patients are enrolled sequentially, assigned to treatments, and their responses are observed.
The central challenge is to design allocation rules that avoid bias, preserve unpredictability, and allow
for reliable statistical inference. In the earliest trials, patients were often assigned deterministically, for
example by strict alternation. While simple, such methods allowed bias. To obtain reliable and unbiased
evidence, randomization became the standard method of assigning participants to different treatments.

Over time, different randomization schemes were proposed to address practical and ethical issues. Some
aimed at improving balance between groups, such as Efron’s (1971) biased coin design, which adjusts the
probability of assigning the under-represented treatment to restore balance.

Another class of designs introduced Response-Adaptive Randomization (RAR). Formally, let
(Th, X4),...,(Ty—1, X¢—1) denote the treatment assignments and outcomes of the first ¢ — 1 patients,
where T; € {A, B} is the treatment indicator and X; € {0,1} the binary response (1=success, O=failure).
At time t, the next patient is randomized according to

P(Tt:A|Ft,1):ﬂ't, P(Tt:B|ft,1):1—ﬂ't,

where F;—1 = {(T;,X;) : ¢ = 1,...,t — 1} is the history of the trial. The probability m; is updated
sequentially to depend on the past responses, typically increasing in favor of the treatment that has
shown superior performance so far.

These adaptive schemes are motivated by two complementary goals:

e ethical, in that fewer patients are exposed to inferior treatments (reducing regret)

e statistical, in that they accelerate the process of identifying the best treatment by concentrating
randomization on the superior arm.

Classical examples include Zelen’s (1969) Play-the-Winner rule and the urn model of Wei and Durham
(1978).

1.2 Randomization and allocation targets

Later theoretical work showed that the variability of treatment allocation is not a technical detail but a
central factor in trial performance. For a given target allocation, the statistical power of the final test
decreases as allocation variability increases. In other words, two designs may converge to the same target
but differ significantly in efficiency if one is more variable.

Hu and Rosenberger (2003) formalized this by proving that efficiency decreases with variability. Hu et al.
(2006) further established that variability cannot be reduced arbitrarily as there exists a theoretical lower
bound, and designs attaining it are called asymptotically efficient.

This perspective reshaped the evaluation of adaptive randomization procedures. It is no longer sufficient
for a design to adapt or to satisfy ethical considerations, its asymptotic variability also determines its
value.

The Doubly Adaptive Biased Coin Design (DBCD), introduced by Eisele (1994) and Eisele and
Woodroofe (1995) and analysed under more general conditions by Hu and Zhang (2004), extends biased
coin randomization by adapting both to current imbalances and to sequential parameter estimates.



Let pp, = p(@m) denote the estimated target allocation after m patients, and let % be the observed

proportion of patients assigned to treatment k£ up to time m. Then the probability of assigning the
(m + 1)-th patient to treatment k is given by

o (Nmk A )
Pm+1,k =9 sy Pmik |
m

where g¢(+, ) is a function chosen to regulate convergence.

This construction incorporates two levels of adaptation:

Nm,k

e Adaptation to imbalance: the dependence on corrects discrepancies between current allocation
proportions and the estimated target.

A~

o Adaptation to parameter estimates: the target py, j itself is updated sequentially as ©,, evolves
with accumulating data.

DBCD ensures almost sure convergence to targets, admits central limit theorems for allocations and
estimators, and extends naturally to multiple treatments. However, because it relies on smooth and
differentiable allocation functions, its asymptotic variance is larger than the theoretical minimum. Thus,
while reliable, DBCD is not asymptotically efficient.

The Efficient Randomized Adaptive Design (ERADE), proposed by Hu et al. (2009), was developed
to address this gap. Its innovation is the use of a discontinuous allocation rule. If a treatment is below
its target, its assignment probability increases; if above, it decreases; if exactly on target, the assignment
follows the target. This step-function adjustment departs from classical smooth functions and is analyzed
with martingale stopping-time techniques instead of Taylor expansions. ERADE established two key
results:

 allocation proportions converge almost surely to the target, with a central limit theorem at rate
—-1/2
n )

e the asymptotic variance achieves the Cramér—Rao lower bound, meaning ERADE minimizes
allocation variability.

Thus, ERADE is both convergent and efficient. Its limitation, however, is scope: the results are proven
only for two treatments, whereas DBCD applies to general K-arm trials. Extending ERADE to multiple
treatments remains an important open problem, especially since most real trials involve more than two
options.

1.3 Multi-armed bandits and Best Arm Identification

The multi-armed bandit (ML AB) problem is a classical model of sequential decision making under
uncertainty, it was introduced as an idealized model for sequential clinical trials. Imagine several
experimental drugs, each with an unknown probability of success. Patients arrive sequentially, and for
each patient the investigator must choose a treatment. The outcome is observed only for the chosen
treatment, while the others remain unknown.

Two objectives are distinguished in the M AB literature:

e Reward maximization: maximize cumulative outcomes, with performance measured by regret
compared to always choosing the best arm.



o Best Arm Identification (BAI): identify, with high confidence, the treatment with the highest mean
outcome, while minimizing the number of samples.

For clinical trials, the BAT perspective is the natural analogue: the purpose is not to maximize immediate
benefit during the trial, but to reliably determine which treatment should be recommended afterward.

The work of Garivier and Kaufmann (2016) shows that asymptotic optimality in BAIT requires allocating
samples according to optimal proportions w*(u), defined through an optimization problem involving
Kullback—Leibler divergences. The Track-and-Stop algorithm achieves this by enforcing discontinuous
tracking rules that push empirical allocations back toward these proportions, combined with a stopping
rule ensuring correct identification.

This principle is very similar to ERADE: both rely on discontinuous adjustments to keep allocations
close to their theoretical targets. The main difference is scope: Track in M AB context applies naturally
to K arms, while ERADE is proven only for two.

1.4 Contributions and outline

This work develops a new algorithm that generalizes ERADE to the case of K treatments. The procedure
extends its discontinuous allocation mechanism beyond two arms while preserving the key asymptotic
properties:

o almost sure convergence to target allocations,

—1/2

e asymptotic normality at the n rate,

e and efficiency at the variance lower bound.

The proposed algorithm can be viewed as a general class of RAR, that can contain a close version of the
Track-and-Stop framework for Best Arm Identification proposed by Garivier and Kaufmann (2016).
This provides asymptotic normality results for bandit algorithms, offering not only guarantees on sample
complexity but also a distributional description of how allocations fluctuate around theoretical targets.
Such insights can be seen as complementary, trying to dig into the asymptotic behaviour of MAB
algorithms, where in bandits literature we focus more on non-asymptotic results.

In this way, the contribution addresses two domains simultaneously: in clinical trials, it provides an efficient
multi-treatment response-adaptive design; in MLAB theory, it enriches the analysis of Track-and-Stop
algorithms by adding asymptotic distributional results.

The results presented here were obtained before the appearance of a recent work ? published in August
2025 (one of the authors of the first 2009 version is also present in the new paper), which extended
ERADE to the case of multiple treatments. That paper tackles the same open problem raised in Hu et al.
(2009), and its timing confirms the growing interest in this direction. Nevertheless, the procedure we
propose is more general: it accommodates an arbitrary number of treatments, preserves the asymptotic
properties of ERADE, and can be embedded into the analysis framework of multi-armed bandits. In
particular, this opens the possibility of studying not only convergence and efficiency, but also notions
central to the learning literature such as sample complexity and stopping rules.



2 Definitions and Notations

2.1 Common Notations and Setup

We consider a sequential clinical trial with K treatments. Patients arrive sequentially and are assigned
to treatments adaptively. To describe the allocation process, we introduce the following notations.

Assignment Vector. For the m-th patient, let
Xm = (Xm,la B aXm,K)

denote the assignment vector, where

VkE[K]:ka:

L, K

{1, if patient m receives treatment k,

0, otherwise.

This representation encodes the treatment choice as a one-hot vector. It is convenient because cumulative
sums of these vectors directly give the number of patients assigned to each treatment, and the same
notation applies naturally for general K.

Patient Responses. Let &, ;. denote the potential response of patient m if assigned to treatment k.
In practice, only one of the {fm,k}kK:1 is observed, namely the response corresponding to the treatment
actually received.

Remark 2.1. A more general setup allows &, , to be a d-dimensional vector, &m k. = (Emk1y - Emk,d) €
RY, but in this document we restrict attention to the case d = 1.

Cumulative assignments. The total number of patients assigned to each treatment up to time n is
n
Nop=(Nn1- s Nog),  Nag=> Xj
j=1

The normalized vector N, /n represents the observed allocation proportions at time n. Controlling the
long-term behavior of these proportions is the central objective of adaptive designs.

Parameters of interest. For treatment k, the parameter of interest is defined as
O := E[&1 1],

which may represent, for instance, a success probability for binary outcomes or a mean response for
continuous outcomes. Collectively we write

6 =(0y,....01) (2.1)

Target allocation proportions. Let H C R be an open set and consider a continuous function. For
z € HX, we denote
p(2) = (p1(2), - prc(2)) - HE = [0, 1]

where
K

vz e HX . Zpk(z):l

k=1



The target allocation proportions is denoted in the following as v defined for the unknown parameters ©
as in (2.1)
v=p(6) (2:2)

Different choices of p correspond to different design objectives, such as equal allocation, Neyman allocation
for power, or ethically motivated rules.

Sequential estimation. Since © is unknown, parameters 6, are estimated adaptively. With initial
guesses 0 1, the sequential estimator for treatment k at stage m is

5 S X ke + Ook . . .
Hm,k = ! 1N'ri7,,k: i’_ 1 P @m = (Hm,la ceey om,K) (23)

The role of the initial values 0, is to regularize the estimator when few or no patients have yet been
assigned to treatment k.

In some situations we may deal with the Bahadur-type representation, which is a more generalized
estimator

O s = Nn’}C ZXj,szj,k + O(N;}/Z), as n — 0o, (2.4)
j=1

Plug-in target allocation. At time m, the current estimate of the desired allocation proportions is
obtained by substituting ©,, into p:

A

P = p(On).

Adaptive randomization procedures compare the current allocation proportions N, /m with this estimated
target p.,,, and adjust the probability of assigning the next patient accordingly.

In the following we will use the notations o,(-) and O,(-) are probabilistic analogues of the classical
little-o and big-O notations in analysis.
e X, = op(a,) means that X, is negligible compared to a, in probability, i.e. the ratio X,/a,
converges to 0 in probability.
o X, = Op(ay) means that X, is bounded in probability relative to a, i.e. the ratio X,,/a, does not
diverge and remains stochastically bounded.
Formal definitions are given below.
Definition 2.1. Let {X,} be a sequence of random wvariables and {a,} a sequence of positive real

numbers.
o We say that X,, = o,(ay,) if for every e > 0,
lim IP’(|XH| > 6) =0.
n—oo an
o We say that X,, = Op(ay,) if for every e > 0 there exists M > 0 such that

Xn
limsupIP’<| > M> <e.

n—oo n



2.2 Examples of Target Functions p

The function p determines the desired allocation proportion as a function of the unknown parameters of
the treatment responses. In the literature, several choices have been proposed depending on the nature
of the responses and the optimality criteria. We illustrate below some commonly used examples from Hu
et al. (2009).

Example 2.1 (Efron’s Biased Coin Design). For balancing two treatments with equal target allocation
p=1/2, ERADE assigns the (m + 1)th patient to treatment 1 with probability

a/2, if Nppa/m >1/2,
Pm+1 =4 1/2, if Njp1/m=1/2,
1—a/2, if Nyi/m<1/2,

where 0 < o < 1 controls the degree of randomization. The special case o = 2/3 corresponds to Efron’s
classical biased coin design.

Example 2.2 (Binary Response). Suppose treatment k has success probability Py and failure probability
Qr =1 — Py. Natural estimates are

. XKk + 05
P = Z]_l J’kgj’k 3 k= 1a2a
’ Nm,k +1

where & 1, is the response indicator. Based on these estimates, several target functions p(Pi, P») have
been proposed:

1-P

vy = ﬁ—lpf Urn allocation proportion, (2.5)
VP

Vg = —————, Optimal allocation minimizing failures, 2.6

2= 5 UE P 9 f (2.6)
v P;

U3 1Q1 Neyman allocation. (2.7)

- VPIQ1 +VPQs'

These examples illustrate how the ERADE framework accommodates a wide range of allocation targets,
from balance-driven rules to efficiency-based optimal criteria.

2.3 Why Convergence to Target Matters?

The goal of adaptive randomization is to ensure that the observed allocation proportions

& <Nn,1 Nn,K)

n 3o ety T

converge almost surely to the target allocation p(0). The vector p(©) encodes the design objective,
which may correspond to balance between treatments, optimal power for statistical tests, or ethical
considerations such as assigning more patients to superior treatments. If the convergence

— — p(©) as.
n
fails to hold, then the actual allocation may deviate from the intended target, undermining both the
ethical and statistical validity of the trial. Establishing almost sure convergence of N,,/n — p(©) is
therefore the fundamental property of any adaptive design, and provides the basis for further asymptotic
analysis such as central limit theorems and efficiency comparisons.



3 Doubly Biased Coin Designs (DBCD), Hu and Zhang (2004)

In a multi-treatment clinical trial with K > 2 treatments, the Doubly Adaptive Biased Coin Design
(DBCD) is defined as follows. Patients are enrolled sequentially, and at each step m + 1, the assignment
depends both on the current allocation proportions and on sequential estimates of the desired target
allocation.

3.1 Allocation rule

The DBCD specifies an allocation function
g(w,y) = (gl(xuy)v e 79K(‘T7y)) : [Oa l]K X [07 l]K — [07 1]K7
with Zszl grx(z,y) = 1. At stage m + 1, the next patient is assigned to treatment k with probability
Nm
Pm+1,k =gk<,pm) , k=1,...,K.
m

Thus the design adapts in two ways:

 to the current imbalance between observed proportions N,,/m and the target 0,,,

e to updated estimates of the target v,, itself as more responses are observed.

Algorithm 1 Adaptive Allocation Algorithm DBCD
P(X;;=1)=%, 1<j<K

A ?7
©1 = (0o,j)1<j<k
Ny =X,
form=2,...,ndo

pm—1 = p(Om-1)

P(Xng =1 Fu) = 9 (35t s )
Ny = Ny + X,

Emg ~vi(0;), 1<j<K

m

2

0. — 2uiz Xi,j€i,5+00,;
mj = N1
end for

Example 3.1 (Allocation functions). A standard family of allocation functions proposed in Hu and
Zhang (2004) is:

.
(7 Yk (%i)
9y (x,y):K—N, v>0, k=1,...,K, (3.1)
2j=1Yi (ﬁ)

with the conventions g,(:) (0,y) > 0 when z) = 0.

Interpretation.

e When v =0, g,(co) (z,y) = yk, yielding the adaptive randomized design of Melfi, Page and Geraldes
(2001).

10



e As v — oo, the design becomes nearly deterministic, forcing allocations to follow the target vector
y closely.

o For intermediate v, the design balances randomness with variability: larger v reduces allocation

variance while still preserving randomization.

This family generalizes Efron’s biased coin idea and ensures convergence of allocations to the desired
proportions.

3.2 Conditions for Asymptotic Analysis

Conditions A. The response sequence {{, = (§,.1,- - -,&n k) } satisfies the following conditions
(A1) VE € [K]: E|& k| < oo

(A2) There exists € > 0 such that Vk € [K]:  E[& x]*T < .

Conditions B. The allocation function g(x,y) satisfies the following

(B1) g(v,v) =v, and g(z,y) — g(x,v) — 0 uniformly in x as y — v for 2.1’ =y.1' =1

(B2) There exists 0 < Ay < 1 such that for each k € [K]

gk(xa U) - gk(/vu 'U)
T — Uk

<Xy, forazp>vyandzl =1

(B3) For any 0 < € < 1/K, there exists ¢, > 0 satisfying

(T, Y) gm0 > e withazl' =91 =1,y €[, )¥ (3.2)
lim inf 9(z,y) >c. withzl =91 =1,y 1)K (3.3)
z,—0t min{zy,..., 2}

(B4) g(=z,y) admits local linear approximation at (v, v), there exists 6 € (0,1) for which

dg

8l‘k

K
g(a:y)—gvv+§ (T — o) 53— +E k—Uka
— Yk

k=1 (v, k=1 (v,v)

o(llz — ol + [ly = ol|**?)  when (z,) = (v,0)

Conditions C. The proportion function p(z) satisfies the conditions
(C1) p(z) is continuous and p(©) = v.

(C2) p(z) admits a local linear approximation around O, there exists ¢ > 0 such that

K
p(z +Z Zk*9k
k=1

Remark 3.1. If conditions (B4) and (C2) hold, then

+0(H279H1+5), as z— 0 (3.4)

g (2. p(2)) = 9(v,0) + (& =) H+ (= ©) V(p)| g B + o(llz = v['*°) +o(]| = ©]'*°),  (3.5)
as (x,z) = (v, 0), where

H =V, ERTHE,  E=V,|,  eRE (3.6)

11



Spectral quantities A and v. Since g(x,y)1’ =1, we have H1’ = F1’ = (0’. Thus 0 is an eigenvalue
of H. Let T"'HT = diag [0, Joy oo, JS] be the Jordan decomposition, where each J; is a Jordan block of
size v with eigenvalue A;. Define

A = max{R(A2),...,R(\s)}, v = max{y; : R(\;) = A} (3.7)

These quantities govern the growth bounds that appear repeatedly later; for instance, || By m| <
C (n/m)* log” ' (n/m) in the iterative expansions based on H.

3.3 Asymptotic Properties

Lemma 3.1 (Lemma A.4 Hu and Zhang (2004)). For each k =1,..., K, if {N,  — oo} a.s. then we
have

P

9n71€ — 0 Jif (A]) (3.8)

R loglog N,
b — 05 =0 < 108108 Vnk ;g k) ,if (A2) (3.9)
n,k

Proof. In his paper, Doob (1936) explains how subsequences selected following a rule from a sequence
of random variables behaves. It states that starting from an infinite sequence of iid X, X5, ... if we
consider a rule of selecting these variables that only depends on the past observations and if this rule picks
infinitely many variables almost surely, then the resulting subsequence is iid with identical distribution.

For k € [K] let 7} := min{j; N; , = i} the first time treatment k is picked i times. Let {n, x} a copy of
{&mk} for m =1,2,... and consider the following selection rule

Em,k = fr#,,k]]-{ﬁ%<+oo} + nm,kl{ﬁ%:Jroo}

From Doob (1936) we can show that {Z,, x} is a sequence of i.i.d random variable with same distribution
of &1,;. Then from LLN and LIL we have

n n
n1 Z Emk — 0, and Z Em.k — 10 = O(y/nloglogn) as.
m=1 m=1

. . A Npk = .
note that from (2.3) we can rewrite our estimator as 0,, , = ﬁ (Zm:"{ Em,k T+ 007;6), so in the event

{Np 1 — 400} we conclude (3.8) and (3.9). O

Lemma 3.2 (Lemma A.5 Hu and Zhang (2004)). For DBCD design, if conditions (A1), (B3) and (C1)
are satisfied, then for k € [K] we have

Ny — +00  a.s. (3.10)
and we have .
©,—0 and p,—v as. (3.11)
If, in addition, (A2) holds, we further have:
A log log N,
R ( gg) 512)
Nn,k

Proof. Step 1: If lim,_,4 o N, < 400, then {énk} takes finitely many values. Else, if liIJIrl Npi =
n—-+0oo

400, from Lemma 3.1, it follows that én,k — 0 a.s. So in any case: 6, — 6.

12



The closure of {@n} given by C1({©,}) = {6,,} U {accumulation points} is compact (bounded and finite
dimension), so {O,,} is relatively compact. Since Vy € C1({0,}) : p(y) € (0,1)X, using the continuity of
p we have

J0<6< pn = p(6,) €6, 1)K,

=[ =

Step 2: On the event {N,; = 0, n =
P(Xn,; =1|Fn-1) > cs, then

—

,2,...}, we can use the first condition of (B3) resulting
+oo

> P(Xn;=1|F 1) =+

n=2

Using the extended Borel-Cantelli Lemma C.1 we obtain that {X,, ; =14.0.} = {N, ; = 400} a.s.,
which is a contradiction. Therefore:

lim N,;>1 as. j=1,...,K.

n—-+oo

Step 3: On the event { lirf N, ; < +oo}, we use (B3) second condition resulting for n large enough:
n—-+0oo

Cs . anl,‘ .
P(X’fhj =1 | ]:nfl) > zmln{n_lj, ] = 17...,]6}
Cs 1
2 n—1
“+o0
Hence, we obtain ZIP’(XRJ =1 F,_1) = +00, again with Lemma C.1 we obtain that {X,, , =1i.0.} =
n=2

{Np 1 — 400} a.s. which is a contradiction. Therefore, we conclude:

lim Npjp=+0c0 as. k=1,..., K

n—-+oo
So using the continuity of p and Lemma 3.1 we can conclude on the proof.
O

Remark 3.2. The Lemma 3.2 ensures that under mild assumptions, the number of patients assigned to
each treatment arm grows without bound almost surely. In other words, each arm continues to receive
allocations infinitely often. Condition (B3) plays a central role here as it enforces that whenever the
allocation proportion for a treatment is too small relative to its target, the allocation rule must give that
treatment a strictly positive probability of being assigned.

The following result guarantees that the design achieves its intended allocation goal no matter how
randomness plays out in the early stages of the trial, the long-run proportion of patients assigned to each
treatment converges to the pre-specified target v = p(©). This strong convergence property is essential
before one can study more refined asymptotic results such as central limit theorems and efficiency bounds.

Theorem 3.1 (Theorem 4.1 Hu and Zhang (2004)). If conditions (A1), (B1), (B2), (B3) and (C1)are
satisfied, then:

Pn — VU a.s. (3.13)
N,
7" — v a.s. (3.14)

Proof. Under conditions (A1), (B3) and (C1), Lemma 3.2 holds, thus p,, — v..

Let M, =" | AM,, with AM,, = X, — E[X,, | Frn_1].

13



Then we have:

A(N, —nv)=X,, —v

Np—1 |
= A]\471 +9 (lapnl) -0

n—1

an A an an
:AMn+g <n_iapn1) -9 (n_ i;v> +g <n_ivv) —g(v,v).

Let K =1,..., K and define g, ; and p, j as follow

Gnk = Ny — nog

N, i . N,_
Apn,k = AMnk + 9k 71a Pn—1) — Gk : y U
n—1 n—1

{M,, }n>0 being a martingale we have M, , = o(n) a.s., and condition (B1) gives that g (N"T ,ﬁn_l) -

n—

gk (N"’l v) = o(1), so we obtain:

n—1"7

Pnk = Z Pm,k = Mn,k + Z 0(1) = O(TL)
m=1 m=1

On the other hand:
Agy e = A(Ny i — nuy)

N, _
:Apn,k""gk( “ 1;”) _gk(vvv)

n—1

No_
Gk ( "—11’v> — gx(v,v) Gn—1,k

= Apn K+
’ Nn_1.k _
=TT
anl
gk<n_1 ,’U) 79/@(”7”) Qn—1k
— QGn,k = Apn,k + qn—1,k + 1k e
w1 Uk n-l

<Xo; by condition (B2)
If g1, > 0 then ¢, 1 < (1 + n/\fl) Gn—1,k + App . Otherwise, if g,,—1,x < 0 then there exists k; > 0
such that g x = gn—1,k + Xnp — vk < | Xpp — vk < ks

And for the term Ap,, j there exists ko > 0 such that |Ap,, x| < ko. Thus, for kg = ki + k2 we obtain

A
gy < (1 + - = ) (qg_Lk Vv kl) + App

n—1

Using Lemma A.3 from Hu and Zhang (2004), we have:

n
k| /Mo n\ Mo
q:f,k <C Z P (*) + max (*) [Pm,k| + (ko + |ql,k|)n’\°}

m 1<m<n \m

- zn: % (E)AO + max (ﬁ)AO O(m) +0(n*), X €10,1)

1<m<n \m

% — v < 0. Now using Bolzano—Weierstrass, let v be an

So we conclude that Vk € [K] : limsup,,_, ,
adherence value of %, then

g —v <0, k=1,...,K, with 21’ =v1' =1.
= U =0.
Thus, we have proven (3.14) O
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Theorem 3.2 (Theorem 4.2 Hu and Zhang (2004)). Suppose Y= — v a.s. and conditions (A2) , (B4)
and (C2) hold. Suppose A < 1, then for all k > % V A:

logl
P ( H<>> .15
n
n~ (N, —nv) =0 a.s. (3.16)
Furthermore, if A < %, then:
N, —nv=0 ( nlog log(n)) a.s. (3.17)

Proof. By assumption % — v a.s. with v € (0,1) so N, = 400 a.s. So by Lemma 3.1 we have that

6,-0=0 ( bgbg(m) a.s.. Injecting this in condition (C2) we obtain

n

pn—v = p(On) = p(©)

6
—O( loglog(n)> s,
n

Using condition (B4), we have the expansion:

which proves (3.15).

A(N, —nw) =X, —v
N,
=AM, +g( 1,pn1) —g(v,v)

Np—1 R Np_1
CH4 (puy—v)-E+ol |22t -
. ) (Pn—1 —v) 0<Hn 1Y

N, _ _
< n1v>.H+O<Nn1
n—1 n—

By Theorem C.1 applied on M,, = O ( nlog log(n)> a.s. Thus, using (3.15) we have:

Mot S O — o) = M, +ZO< oslogm )>

m=1

1446
=AM, + ( ) + o([|pn — UH1+6)

— v > + AM, + O(||pn —v|]) a.s. (3.18)

=0 ( nlog 10g(n)> a.s. (3.19)
So using (3.18), (3.19) and Lemma A.2 we obtain

V6>0: N, —nv= i O( mlOglog(m)) % (2)/\+B

m
m=1

O( nloglog(n)), fA+8<3
O (n*7), if A+ 8> 3.

and by choosing ¢ arbitrarily small we prove (3.16) and (3.17) O

The following result establishes the asymptotic normality of the DBCD, which goes beyond the previously
stated theorems. The key result is that both the empirical allocation proportions = Yo and the estimated
targets p, fluctuate at the order n='/2 and converge jointly to a multivariate normal distribution. To

state the next result we need to define some quantities
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o Vi =Var (&) for k € [K]

V= diag(iVl, ey %VK)

K

o ¥ =diag(v) —v'v

25 = (V(0)lo) V V0o

« Yy = ETS,E

Theorem 3.3 (Theorem 4.3 in Hu and Zhang (2004)). Assume N,/n — v a.s. and that (A2), (B2),
(B4) and (C2) hold and that A < 5. Then

\/E(Nn — v, pn —v) DN, R, %= (Zu T (3.20)
n Yor X3
where 5 o5 1
D _ 1 2 ZT =3 — S. F
oo T a=na—2 12 SRR D St
Proof. See Appendix A O

Remark 3.3. This asymptotic distribution is the foundation for comparing adaptive designs in terms
of efficiency. In particular, one can ask whether the asymptotic variance attains the theoretical lower
bound. For DBCD, the question of the variance is larger than the minimum is still to be investigated.
This shortcoming is one if the main motivations of the development of ERADE.

4 Efficient randomized-adaptive design (ERADE), Hu et al.
(2009)

The DBCD framework relies on allocation functions g(z,y) that are continuous in their arguments. Hu
et al. (2009) proposed the Efficient Randomized-Adaptive Design (ERADE), which replaces the smooth
allocation function of DBCD by a simple discontinuous rule. The key idea is that whenever the current
allocation proportion deviates from the target, the next assignment probability is shifted roughly rather
than smoothly, enforcing a closer tracking of the target.

4.1 Allocation Rule Definition

Let mg subjects be initially assigned to each treatment by restricted randomization. After m > 2my
patients have been treated and their responses observed, denote by g, the estimated target allocation.
The ERADE assigns the (m + 1)*" patient to treatment 1 with probability

P, if Nyp1/m > ppm,
Pm41 = § Pms if Nyp1/m = pm, (4.1)
1—a(l=pm), if Nyi/m< pm,
where 0 < o < 1.

Equivalently, the rule can be expressed in terms of a DBCD allocation function

9(33,% Oé) =ay 1x>y + Yy 1I:y + (1 - 05(1 - y)) 1;L'<y7 (42)
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Remark 4.1. The ERADE can be seen as a special case of the DBCD framework, obtained by selecting
the discontinuous allocation function g given in (4.2). This represents a fundamental departure from earlier
designs such as DBCD, where the allocation function g was assumed to be continuous and differentiable.

By contrast, ERADEFE uses a piecewise constant allocation function, which requires far fewer technical
assumptions but a whole different analysis than DBCD. The rule depends only on whether the current
allocation proportion lies above, below, or exactly at the target, and not on smooth variations around it.

Algorithm 2 Adaptive Allocation ERADE, K = 2 arms (Hu et al. (2009))

for i € range(mg) do
Xii =1 Xnggii = 15 &1 ~ vi(01); Emotisz ~ vi(02)
end for
Nom, = (2,2)
szo Xik&ik+00,k

A — i=1
®2nl0"k - NZNLO,kJrl

for m € range(2mo,n) do
pm = p(Om)
Prot1 = Pl {52 > P} + Pl {52 = pn} + (1 — (1 = pn)) {52 < p}
IP>()(m+17j =1 ‘ ]:m> = ﬁerl
N’rn—i—l - N?n + X’m—i—l
Emi1y ~vi(l;), 1<j<K

m+1

) 2y Xig&igtbo,
m+1,5 = Nmt1,;+1
end for

4.2 Theoretical Results

Before discussing consequences, we first record the basic large-sample behavior of ERADE under its
discontinuous allocation rule g. Unlike smooth designs in DBCD, the analysis proceeds via martingale
arguments and yields both almost sure convergence to the target and a central limit theorem.

2 2
V= diag<01, %2 > ,
v o 1—vw

Let

where 07 = Var(& ) for k = 1,2. Define
.
o = (Vp(©)) V Vp(O).
Theorem 4.1 (Theorem 2.1 in Hu et al. (2009)). Under conditions A and B we have

(i) For every k € [K] as n — oo,
|INn1 —npn| =op(v/n) a.s.
|[Np1 —npn| = O(y/nloglogn) a.s.
N, 1 —nv=0(y/nloglogn) a.s.

(ii) The asymptotic normality results



Proof. Generalised proof is given in section 5.2 O

Remark 4.2. The first part shows ERADE achieves its intended target almost surely. The second
part gives a distributional description of the residual fluctuations, the allocation proportion behaves like a
mean-zero Gaussian perturbation of order n=1/2.

The following result establishes the asymptotic efficiency of ERADE achieving the Cramér—Rao lower
bound. In practical terms, this means that no other randomized response-adaptive design can produce
smaller first-order variability in the allocation proportions.

Theorem 4.2 (Theorem 2.2 in Hu et al. (2009)). Under conditions A and B, if Var(& ;) = I " for
k =1,2, where I}, is the Fisher information matriz for 0y, then the asymptotic variance of A\[/ﬁl for the
ERADE attains the Cramér—Rao lower bound:

dp
dy

5 Extended ERADE with K Treatments

!
iag((vI) ™! —v -1 %
) dine((en) (=0 (3

@) (43)

5.1 Definition and Setup

Let mg subjects be initially assigned to each treatment by restricted randomization. After m > K my
patients have been treated and their responses observed, denote by py, 1 the estimated target allocation
for treatment k.

The generalized ERADE algorithm with K treatments that we propose in our work assigns treatment
k € [K] to patient m > 1 following the probability distribution {pm i }re[x] such that for all k € [K]

Nm,k

> Pk = Pmt+1k < QPmk (5.1)

and

K
ZPmH,k =1, pmt1k >0forall ke [K] (5.2)
k=1

where a € [0,1) controls the degree of randomization.
Remark 5.1. Notice that the two treatments rule (4.1) can be expressed as (5.1), the case when

Ny /M > p i is directly satisfied. For the other case it is enough to satisfy (5.2).

We keep using the same notations of section 2.1. We state the two following conditions, similar to the
two arms case:

Condition A In the Bahadur-type representation (2.4) 6, = E[&1 k], and satisfying:

Elés]? <00, k=1,2,...,K.

Condition B The target allocation proportion function p; : RX — (0,1) is continuous and twice
differentiable at ©, with pp(0) = vy

Example 5.1. The allocation probabilities are updated according to

N 5771 k N Nm k
Pm+1k = QPmk + (1 — Oé) ﬁ, 6m,k: = max (O7 Pm.k — m, ) 5 (53)
i=1Ym,i
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where 0 < a < 1
If for all j, 6 ; =0, then for every j € {1,..., K},
Pmt1,j = Pmj-

This rule combines two elements:

o The term pp, 1 represents the desired allocation proportion for treatment k at stage m.

o The imbalance correction 6., measures whether treatment k is under-represented compared to its
target. If Nk

m
N R ) Lo .
=L > P ks then O = 0, meaning no correction is applied.

< Pm ks then dp i > 0 and the probability of assigning treatment k is increased. If

The parameter a balances two forces:

o With a =1, the assignment is purely driven by the estimated target pp, k-

e With a = 0, the rule focuses entirely on correcting imbalance by allocating more probability to
under-represented treatments.

Finally, if all treatments are exactly on target , then no correction is necessary.

5.2 Asymptotic Results

Let Fop =0 (X1, , Xy &1, -+, &m), k € [K] and an integer n > 1, we define

® Pmk = E[Xm,k | fmfl]

i AMm,k = Xm,k: - E[Xm,k | fmfl] = Xm,k — Pm.k

d Un,k = ZZ»L_:Il aﬁm,k + Mn,k - nﬁn,k

. Qn,k = Z:lnzl Xm,k(gm,k - ek) and denote Qn = (Qn,17 ey Qn,K)

Define the last time where === < p,, 1
o . Nm,k N
by =max{m e {Kmo+1,...,n}: < Pk (5.4)
m
Lemma 5.1. Some preliminary results that will be used later
(i)
AUn,k = Oéﬁn—l.,k — DPnk + A (Nn,k - nﬁn,k) (55)

(i) If lim, 4o pr = v a.s. then

Une = Us, o = (n = L) [=(1 — @)up + o(1)] + Mk — My, ke + Lni(Pe, o — Prk)  (5.6)

(iii)
N ok = n kP o6 < Ko (5.7)

(iv)
N —npnp < Kmo +Upp —Us, , & (5.8)
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P’f‘OOf. (1) We have AMn,k = A-Z\/vn,k — Pnk —> AUn,k = aﬁnfl,k —Dnk+ A (Nn,k - nﬁn,k)
(if)
n—1
Unk = Utk = 3 0P — Wnk + LokPey ok + Mo — Mo,

m=~Ly,

n—1

(]

(P — vi) + a(n — Lo )vi — (0= Lo k) Pk + koDt sk = Proie) + M — M, i

m=~Ly,
n—1
=—(l—a)n—Llup)vk+ Y (pmr—vk) = (0= ni)(Prk — vk) + Mg — My, , i
m:én,k

+ lnk(Pe, 1k — Prk)
= —Lnx)[~(1 = a@)vp +o(1)] + Mp g — My, , k + o k(Pe, ok — Prk)

(iii) It is easy to check that if ¢, < Kmg + 1 then

Noy ok — kP, ok < Kmg

and if £, , > K'mg + 1 then
Ney oo = o kP, 60 <0

so by combining the two inequalities we obtain that Ny, , r — ln xfe, k0 < Kmg
(iv) With the definition of ¢,  in (5.4) we have

Nm,k

Vel +1<m<mn: > Pk
m
And in formula (5.5), we have for m > ¢, + 1
AUn,k > A (Nn,k: - nﬁn,k) (59)

so summing the formula (5.9) from ¢,, ; + 1 to n yields
Noke =Pk = Ney ko = Lo kPt e + Une — Us, ok

Then using (5.7) we obtain (5.8)

Lemma 5.2. Under conditions A and B we have as n — +oo:

N,
lim L

n—oo N

6,-6=0 (,/logl:gn> a.s. (5.11)

An immediate result is the following

= vk a.s. (5.10)

n (Pnx —v) =0 ( nloglog(n)) a.s. (5.12)

Proof. By Lemma 3.2 in section 3, we proved that p, ; has finite limit, so with the same argument; by
continuity of p we have
Jue (0,5 p,—u (5.13)

20



We also have by Lemma C.1 that M, , = o(n) a.s. so

U 1 n—1
n,k N N
N n E_O APk — Pk + 0(1)
Un .
— lim —F = —(1 — a)ug,  (by convergence (5.13) and Césaro lemma)
n—oo 1N

e Un,k ~ —’[’L(l — a)uk a.s.
Using the Lemma B.1 we obtain that:

K Upr—U +
( mo  Unk zn,k,k> 0

n n

So in all cases:

And we have:

IN
(]~
N
3;2
|
F>
C/
+
1
o

Ny &
n

So we obtain that — pn,kx — 0 and then lim,,_, % = limy, 00 Pk = ui € (0,1)

By continuity of p we obtain that p, = p(6,) — p(€) = v € (0,1)X then

n,k

lim = lim ppr = vk
n—soo N n—o00 ’

An immediate result is that Vk € [K], N, — 00 a.s. then by Zhang (2004) Lemma A.3 Hu and Zhang
(2004) we get:
N log1
6, -6-0 ( /Ogogn> as.
n

Lemma 5.3. Let (¢,),>1 a non-decreasing sequence of positive integers such that £, < n. Under
conditions A and B

O

[en (P = pe,)| < o(1)(n = £n) + Cll@n — Qu, ||

Proof. The second order Taylor expansion of p and Lemma C.4 give

. A @ A a2

b= = (60— O)5"| 4016, ~ ) (5.14)
A ap 1
= (6, 9)371 5O <n> (5.15)
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Similarly we obtain:

R A dp 1
pe, —v = (O, — @)gy‘@ +0p <€n)
Combining the two previous equations gives:
A PR A A ap Ly
Un(pe, — pn) = €n(Oc, — Qn)aiy‘e + (OP () + Op(1)>
= lu(pe, = pn)| < ClalOr, — Ol + Op(1)

And we have:
ly

S

én,k X &k — & Z k(&ik = Ok)
= i
B 0>+< S )ZZX (&0 — 00)
Ny i Pt 7.k\S4.k k Nov  Noon pa 7.k\S4,k k

n 4
1 Ny =N, 1 &
_ Xy (€ — ) + ek Z Nk LSSy e g
' ik (&ik = Ok) + Nok News 2 ik (k= Or)

+ o0 (N;;p) +o0 (N[ﬂ},f)
So

K
1€n(pe,, — pn)| < Z > Xjk(&ik — k)

k=1 Jj=ln+1
14
ColNewk = Nkl || 1 &
X, i —0
CZ Nyk Némkj; ik (&G k)

4, o( 1/2>+€n 0( Z1142)
And for some two sequences a,, and b,, converging to 0 as n — +00

boo (Noil?) + tu- 0 (N ) = 6 Nt Pan + 00 N, 0,

N —1/2 N —1/2
(e () e fE )
n n n 4,

= o(v/n) = 0,(V/n)

~1/2 1/2
As lim ZJ( .k ) an—I—\/ (N[”k) b, =0
n—+oco ™ n

We have:
C’Z N Z Xk (Emk — k)| = CZ A 1@nk — Qe kel
k=1 R =t 41 k=1 ’
K
< CZ |Qnx — Qe, k]l (since £, <n and n/N,  — v,;l)
k=1
= C”Qn - Q@n”
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On the second part of the inequality we have:

- o K tn
C; EnlNenj,\lfanC Nk |N£1n,k ;Xm’k(gm’k — 00| = c; W H;Xm,k(gm,k —0k)
_1 gn En
=y (1 - n) ;Xm,k(fm,k —0y)
. 1| &
= Uy (n - gn)g mz::l Xm,k(gm,k - tgk)

If (¢,,)n is bounded, then %ﬁ Hzgle KXok (Emke — Gk)H = o(1). Otherwise if £,, — +o00 then we can use

the argument of Doob (1936) and conclude that i Hng:l Xk (Em ke — Qk)H = 0(1). So in both cases
we have

4 14
1 . 1 .
- Xm m,k T S e Xm m,k
- mZ::l K (Emr — Or) ™ 7; K (Emk — Ok)
=o(1)

So

[en (P = pe,)| < o(1)(n = £n) + Cll@n — Qu, ||

O
Lemma 5.4. Under conditions A and B we have fort every k € [K] as n — 400
Un,k = Uty ik < 0p(V/1) 5.16)
Uni — U, .k < O(y/nloglog(n)) a.s. (5.17)
Proof. From (5.6) in Lemma 5.1 we have
Unge = Uty oo = (0= Lo p) [ (1 — @)vp + o(1)] + My — My, & + Lk (Pe, o ke — Prk) (5.18)
From Lemma 5.3 we have
[ (Pt ke = Pri)] < 0(1)(0 = ) + CllQn = Qo k| + 0p(v/) (5.19)
We also have from Lemma B.3 that:
1Qn— Quall < (0~ ) max 192 = Dol oy, — (5.20)
: L<m<n m m<L

Let (L, )n>1 a positive sequence such that L, — oo and L, = o(n), so from Lemma B.2 we have:

n - n—m C
E | max ||Q, — Qn_mH} <2+/L,Cy and E| max ”QQ} <3,/ 2
m<Ly m

L,<m<n Ln
Applying Lemma C.5 we obtain,
m — Yn—m 1
max [9m = @]l =0, =o0,(1) and
L,<m<n m \/Ln

maxQu ~ Quonll = Op(VEn) < 0,(v)
So applying this in (5.20) we get,

1@n = Qe ]l < 0p(1)(n = L k) + 0p(v/n)
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We use exactly the same steps to obtain the same result on the martingale {M,, },,>1

‘Mn,k - Mank,k| < Op(]-)(n - gn,k) + OP(\/E)

Therefore, using the last two inequalities together with (5.18) and (5.19) we obtain that

Unjke = Ug, ok < ng) [ (1 — a)vg +o(1)] + [Mp g — Mo, . k| + Lo x|p

< (n—tnpk) ] o ik
< (n =Ll g)[~(1 = @)vg +o(1)] + [My g, — My, , k| +0(1)(n — L k) + Cl|Qn — Qu,, || + 0p(v/7)
< (n = i) [=(1 = @)ve + o(1)] + 0,p(1) (n — b i) + 0p(V12) + 0(1) (1 — Ly i)
= (n— L) [-(1 = a)vp + o(1)] +0p(vn)
<0
<op(vn) as.

We proved in Lemma 5.2 that n(p, —v) = o (\/nlog log n) a.s. which also gives that

Lo k(Pe, w — Prg) =0 (\/nlog logn) +o0 (\/fn,k log logfn,k)
=0 (\/nlog 10gn) a.s.

Also, {M,, x}n>1 is a martingale, so by LIL for martingales (Theorem C.2) we have M,, , = o («/n loglog n)
then

My — My, .k =0 (y/nloglogn) +o0 (\/&L,k loglogfn,k>
=o0 (\/nloglog n) a.s.
back to (5.18), as 1 — @ > 0 we have

Ui = Utk < Mo = Mo, ok + oo (Pey e — Prke)

< O(y/nloglogn) a.s.

O

We now state the main asymptotic properties of the ERADE extension with K treatments with the

notations G = V(p)|®; Vi = Var([& i) for k € [K], and

/1 1 GVGT GVGT
V = diag <U1V1’ ceey ’UKVK> and Q2 = <GVGT GVGT>

Theorem 5.1. Under conditions A and B we have

(i) For every k € [K] as n — oo,

N, — op(v) (5.21)
| Nk — = O(y/nloglogn) a.s. (5.22)

Ny i —nvg = O(y/nloglogn) a.s. (5.23)

(ii) The asymptotic normality results:

Vi(©, - 8) 2 N(0,V), (5.24)
N, v
(\\//HE@Z - v))) Ly N0, 9). (5.25)



Proof. (i) Using Lemma 5.4, inequality (5.8) from Lemma 5.1 give that

Vk € [K]: Ny —npni <op(v/n) and Ny —npni < O(y/nloglogn) a.s. (5.26)
And we have that

ook — Npk =1 — Ny —n(l — pn i) (5.27)
K
= Y (Nuj—npny) (5.28)
i=Lij#k
K
< Y o(vn) as. (5.29)
i=Lij#k
=o0,(v/n) as. (5.30)

We apply the same steps for the second inequality and get that np,, r—Np < O ( n 10glog(n)) a.s.,
so with (5.26) we obtain (5.21) and (5.22),

INp ik — npni| = op(v/n) and [N, — npni| = O(v/nloglogn) as.
now using (5.12) and (5.18) we have

Nyx —nvk = Ny g — Npnk + n(Pnk — Uk)

= O(y/nloglogn) a.s.
which proves (5.23).
(ii) For the asymptotic normality results, using Lemma 1 from Hu et al. (2006) gives that
V6, —0) 2 N(0,V) (5.31)
And we have using (5.15)

= Vilpn = v) = V(O — ©)G + Oy (%)

From O, (—) L 0 and (5.31), we can apply Slutsky theorem giving

Vi(pn —v) 2 N(0,GVGT) (5.32)
And we have
Ny Nn .
\/ﬁ(n—v> :\/ﬁ(n—/)n> +vVn(pn —v)
= Vn(pn —v) +0p(1)
Again with (5.32) we can apply Slutsky theorem:

Jn (JZ" - v> 2, N (0,GVGT)

Noting Wy, := y/n (2= —v) and Y, = /n(p, —v), then
Wn\ _ (Ya n op(1)
Yy Y, 0
—_———
=0
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And as we have

Y, 2 v (o GVGT GVGT

Y, \GVGT aqvaT) )
we can use Slutsky again and get

(2‘(:) 2y N(0,9).

O

Theorem 5.2. Under conditions A and B, if Var (£1.) = Ix(0x) ™1 for all k € [K], then the asymptotic
variance of % reaches the lower bound specified by Hu et al. (2006) as

GI(O) 1 GT

where 1(0) = diag (v111(01),...,vkIk(0K)) and I;(0x) is the fisher information for a single observation
on treatment k € [K].

Remark 5.2. For DBCD design, Hu and Zhang (200/) proved the asymptotic normality of the allocation
proportions when using the allocation function g7 defined in (3.1), given by

N,

Vvn <n" - v> Dy N0,9Q,)  where Q. ! 21 +7)

1+

— I —1 AT
1+ 2y 110, G106

Notice that 1

T1t2y

which means that DBCD does not reach the variance lower bound asymptotically, the design approaches
to this lower bound as vy increases, reaching it when v — +00.

Q,-GIe)*tac? (L1 +GI1O)7'GT) =0

This behaviour can be explained by the fact that the allocation function g7 used in Hu and Zhang (2004)
is the same as an ERADE allocation function when v — +o0o. In fact considering g” with a cap L > 0

yj (yi/z;)" AL
K
i1 i (yi/x;) AL

taking the example of K = 2, we obtain using the ERADE allocation function formulation given in (4.2)

9] (x,y) = i forj € K]

lim ¢"(z,y) = g(z,y;0) =y Lo—y + Locy (5.33)

y—+oo

For K > 2, consider the set S = {j; Y= max;e|x] %}, we have

Zj
e €S,
lim g/ (z,y) = (5.34)
T 0, ifjé¢s,

which is also a special case of the generalized ERADE to k treatments taking o = 0

5.3 Numerical Simulation
For the numerical experiments, we fixed the following parameters:

e Initial sample size per treatment: mg = 2,

e Number of treatments: K =4,
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« Total number of patients: n = 10%,

e Initial parameter value: 8y = 0.5.

The allocation target p(©) was chosen according to the following

1
o= ——= k-1 K

K
251 1—0;

Intuitively, treatments with smaller failure probabilities (1 — ék) receive larger weights, so that the design
tends to allocate more patients to treatments estimated to be more effective.

We use the allocation rule described in (5.3). We present simulation results for three different choices
of the randomization parameter a € {0,0.3,0.9}. The effect of « is to control the balance between
determinism and randomness in the allocation procedure.

Ny
n

and p,, converge rapidly to the target v with very small fluctuations. The deviation ]\;’" — pn| decreases
essentially at the 1/n rate, as predicted. Scaled quantities stabilize tightly around zero, confirming the

theoretical asymptotic results. This case shows minimal variability and strong finite-sample performance.

Case @ = 0. Asshown in Figure 1, the procedure is almost deterministic. The allocation proportions

Case o = 0.3. Figure 2 shows that introducing moderate randomization increases the fluctuations of
% and p,, but the convergence remains clear. The deviation ’% — pn| follows the 1/n order, though
with slightly higher noise. The scaled quantities stabilize with mild oscillations. This value of « achieves

a good trade-off between maintaining randomization and preserving efficiency.

Case o = 0.9. For high randomization, shown in Figure 3, variability dominates the allocation. The
convergence of % and p, becomes noisy and slower to stabilize. The deviation |% — ﬁn| decays more
slowly, and scaled quantities fluctuate strongly instead of collapsing neatly to zero. While the asymptotic
properties are valid, finite-sample behavior is poor and unstable.

5.4 Example: Asymptotic Properties for Track and Stop Algorithm

The Track and Stop Strategy has been introduced by Garivier and Kaufmann (2016). As stated in the
paper, the first approach to aligning the proportions w*(u) is to follow the plug-in estimates w*(f(t)).
However, in bandit problems, relying directly on plug-in estimates can be risky: a poor initial estimate
may cause an arm to be discarded too early, preventing the collection of new data that could have
corrected the initial mistake. As observed both in theory and simulations, such a naive plug-in strategy
may indeed fail. A straightforward remedy is to enforce sufficient exploration of every arm, so as to
guarantee a (sufficiently rapid) convergence of ji(t).

Let A ={1,...,K} be the set of arms, and for each a € A let N,(¢) be the number of pulls of arm a
up to time ¢, and fi,(t) its empirical mean. Denote i(t) = (111(t),. .., ik (t)) and let w*(-) € Xk be the
vector of optimal sampling proportions returned by the characteristic-time optimization (computed at the
current estimate).

At round ¢, define the under-sampled set

U = {aGA : Na(t)<\/ff§}.
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Verification of Asymptotic Convergence Rates
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Given fi(t) and Ny(t),..., Nk(t), the called D-Tracking rule consists in choosing the next arm A;14 by

arg Hli[}l N, (t), if Uy #0 (Forced Exploration),

Ay € e R (5.35)
arg max { twy () — Na(t) }, if Uy =0 (Direct Tracking).
ac

Remark 5.3. In relation to the clinical trial context, the function w; ((m)) will play the same role of
the allocation target P, k.

In our setting as in (5.1), we can propose a D-Tracking-like algorithm; we will consider the D-Tracking
as in (5.35) but without the Forced Ezploration phase. Using our notation, the proposed algorithm will

follow the allocation rule Ny
0 , if =k s 5
Pmi1k ={ mo =~ Pmok (5.36)

Tp—px , else

where k* = arg max {mﬁm,a — N }
a€[K]

Remark 5.4. In case of k* not unique, we can select uniformly one of them and consider it for (5.36).

Remark 5.5. The rule (5.36) is the same as the DBCD allocation rule using the allocation function g7
when v — 400 as seen in (5.34).

We can see that the proposed allocation for D-Tracking-like algorithm follows the scheme of generalized
ERADE (5.1) with & = 0. As a result we conclude all the asymptotic and CLT results given in Theorem
5.1 for this type of Best Arm Identification algorithms.

What about the real D-Tracking? Designing D-Tracking in our framework is not straightforward,
but we can present a different type of allocation rule than (5.1) that can contain D-Tracking. For
k € [K] and m > 1 consider
— A 6’m7k .
Pm+1,k = QPm k + (1 - O‘)K77 Q€ [07 1)

Zj:l 5m1]

The D-tracking algorithm can be expressed equivalently in our setup by taking a = 0 and

N 1, if FEnx
Sk (" ﬁm,k> =<1, if DT
m
0, else

Where
FE,, :={k=argmin N, and U, # 0}

jeUle
DTmyk = {k = arglrgr;aSXK{mpm’j — Nm,j} and Um 7& (Z)}

Up = {j €K]: Num,;< \/%—2(}

We can prove the convergence of proportions % to allocation targets v in this setting.

Sketch of proof. We need to redefine the stopping time (5.4) for this different setting, consider

by = max{l <m<n: FEj,,or DTk,m}
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With the previous notations we have

n
Unk = Uty == O Pk +Nnk = s — New ok + ln kPt sk (5.37)
m=~L, +1

=0

Then
Npg —npni =Upr — Uy

In the event F'E,, i, we have:

k+ Ne, ok — LnkPe, 4 k (5.38)

n, k>

~ K
Ny ok = Lo kPey ok < Ney oo < AV njk — 5 (5.39)

And for the event DTmJg, we have Ngmhk — gn,kﬁl",k,k = minlgj<k {N@n,mj — Emkﬁen,k,j}
, then
N, ook = bkt ok <0 (5.40)

So by gathering inequalities (5.39) and (5.40) we obtain

. K\ K\
Ney ke = bnkhe, ok < (\/fn, - 2) < <\f— 2)

and by applying this result in (5.38) we get

Nnk * Unk_UZ K.k 1 K +
k5 < | ZWE Tkl = S nstoo O
( n p’k) _< n * vnoo 2n e

Following the same proof steps in Lemma 5.2 we can prove that lim,, .o N:L"“ =vforal ke [K]. O

6 Test Statistics

6.1 Pearson Chi-Square Test

Consider the homogeneity test ...
The Pearson Chi-Square statistic can be written as

K A \2
Sn - Nn mn
X — ( »k - »k]i ) (6.1)
h—1 Nn,kpn(l _pn)

where for j € [K] we have

K K
_ Nn7j S — 5 N P Zkzl Sn,k _ N
Wn,j = n and n,k = Pn,kVNn,ky, DPn = n - § Wn,kPn,k

=~
Il
_

So we rewrite the test statistic as

ank pnk pn)

17pn

Let the following notations
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o Yo=(/nBn1—p) -,V (Pux —p))
* Sp = (\/Wn,lv‘ t ;\/wn,K) 5 Pn - snsga ||3nH =1
e D, =diag (1/wn71,...,,/wn)K)

Zn == (\/nwn,l (ﬁn,l - ),...,\/'I‘me}( (ﬁnK *ﬁn))

For k € [K] we have:

[Zn]k = /N Wn,k (ﬁn,k - ﬁn)

= @k V(P — D) — /@nk V(Pr — ) (6.2)

And we have:

K
Vin(pn —p) = an,j \/ﬁ(ﬁn,j —p)

j=1
T
=s,D,Y,

which yields /@y % /7 (Pn —D)

replacing in (6.2) gives

[sn 'SEDnYn} ,» besides it is obvious that /@y, & V1 (Pne—p) = [DnYalk,

Zn = DpYy — 8,55 D, Y,

= (I - Snsg;)DnYn
= (I - Pn)DnYn
So:
— 1 2
X = ﬁn(l _ An) HZHH
_ p(1-p) B D,Y,
=550 | A
_ p(l=p) (DnYn)" (1 py DnYa
ﬁn(l _ﬁn) p(l — p) " \/m

Noj
2 — v;, then
n

Dy

Also, we have that w, ; =

p 1

= D, D :=diag(\/v1,--.,V/VK) (6.3)
Vp(L=p)  /p(1—p)
And by assumption:
Y, % /p(1—p) DG, where G ~ N (0, Ix) (6.4)
Using Slutsky on (6.3) and (6.4) we obtain that
D, d D _ _
———. %, | 5 | ==, VP(1-p)D"'G | = (D,D7'G)
( p(1—p) > (x/p(l -p)
i i Mapping Th: h L
So using Continuous Mapping Theorem on the map (y,a) — may, we get
D,Y,
i 4 G N(0, Ik) (6.5)
p(1—p)
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Now using that s, — s := (\/1,...,1/VK) We get
I-P, & 1-—ssT (6.6)

Again using Slutsky on (6.5) and (6.6), then using continuous mapping theorem on the map (y, a) — y” ay,

we get

(DnYn)T I_—P D,Y, d GT(I — ssTG
p(1 —p)( R o—p) ( ) 67

and finally as % 25 1 we use Slutsky again with (6.7) and that I — ss” is an orthogonal projector

with rank K — 1, we conclude that

X, % GT(I —ssT)G ~ x%_,

7 Conclusion

In this work we revisited the theory of response-adaptive randomization, focusing on the gap between
the general flexibility of the DBCD and the efficiency of the ERADE. Our main contribution was to
extend the ERADE framework beyond the two-treatment case and to propose a general algorithm
that accommodates K treatments while preserving the desirable asymptotic properties of convergence,
normality, and efficiency. This provides, to the best of our knowledge, the first construction of an
ERADE-type design for multiple arms.

Beyond clinical trials, we highlighted the natural connections between adaptive randomization and the
multi-armed bandit literature, particularly the problem of best-arm identification. The proposed design
fits within this framework and opens new perspectives for analyzing adaptive procedures in terms of
sample complexity, stopping rules, and optimality criteria that are central in sequential learning.

Recent independent work has confirmed the importance of this direction by extending ERADE to
multiple treatments. Our results complement these developments by providing a broader and more
general framework, and by explicitly linking the analysis to the multi-armed bandit setting.

Several questions remain open. In particular, the precise implications of our asymptotic normality
results for stopping rule design and finite-sample performance deserve further study. Overall, this work
contributes to bridging two active fields: the statistical design of clinical trials and the theory of sequential
decision making.
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A DBCD Adaptive Design

Lemma A.1 (cf. Lemma A.1 in Hu and Zhang (2004)). Let By, = I and B,,; = H?;l (I+;7'H). If
two sequences of matrices (Qr) and (Py,) satisfy

Qe
K

p1|

Qn = Pn+

7

~
Il

1
that is,

Q. = AP, +Qn1<I+H1> n>2,

where APy = P, and AP, = P, — P,_1 forn > 2, then

= Zn: AP, By m+@Q1Bp1 = (Q1—P1)Bp1 + z": AP, B, m (A1)
m=2 o m=1
=(Q1— P1)Bn1+ P, + mz::l Pn— Bnmi1. (A1)
Also,
|1Brml < C (n/m)* log" Y(n/m) forallm=1,....n, n>1, (A.2)

where, in the rest of the paper, logx = In(x V e).
Lemma A.2 (cf. Lemma A.2 in Hu and Zhang (2004)). If two sequences of matrices (Q,) and (P,)

satisfy
AQn — APn QTL 1 H+ (”6211—1)7

n—1

n 1 1\ M5
1 Pull— | — .
PILARYEY
Lemma A.3 (From Lyapunov to Lindeberg Condition). Let X1, Xo,... be independent random variables
with E[Xy] = 0 and finite variances o} = E [X}]. Set 2 := Y} _, o}

then, for any 8 > 0,

Suppose that for some € > 0 the Lyapunov condition holds:

n

1 2
oz )_E[IXf] o 0.
nook=1
Then the Lindeberg condition holds:
1< )
>0 — > E[X1{|Xk| > nsn}] —— 0.

=1

Proof. Fix n > 0. For any real z and € > 0,
|$‘2+E
(nsn)®

Taking expectations of the previous inequality applied to X; and summing over k gives

2?Hz| > nsn} = @®H|z|" > (nsn)7} <

n

1 & .
STE[XA{| X > nsa}] < ( S EXP
k=1 15n) k=1
1 & 11 &
= — D E[XF1{|Xk| > nsn}] < ES2+EZE|X;€‘2+E —— 0,
k=1 "ok=1
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by the Lyapunov assumption which gives precisely Lindeberg’s condition. O

Lemma A.4. Under the conditions of Theorem 3.3 we have for 6 > 0

0(||(:)n - @HH";) = o(n_%_%) a.s. (A.2)

Proof. (i) We have for some &, — 0

1496

0(||(:)n - ®||1+5> =e,n = (loglogn)™=

146

5 e,n %6 (loglogn)™

1
n 2

—0

= o(n*%*‘s/g) a.s.

(ii) We have for some €, — 0

Noos 18N (||Np_y —no|'+°
0] I — v =0 T

144
[ (nloglogn) 2
o nl+d
145 144
=e,n” 2 (loglogn) 2
1.9 146
=n"273 ¢, n %%loglogn) 2

O

Proof of Theorem 3.5. Let Q, = > v | AQn, where AQy, = (AQm 1., AQm k) and for all k € [K]

Smk = O

Qm,k = Xm,k
Vg

{@n}n>1 is a sequence of martingales, indeed
E[Qn,k | ]:nfl] = anl,k + ]E[AQn,k | ]:nfl]

0.
=Qn_1r+E {Xn,kén’kvkk‘fnq}

1
= anl,k + a E[Xnk | ]:nfl] E[fn,k - ek | ]:nfl]

=0

= anl,k

So by LIL for martingales we have

Q, = o(m) (A.4)
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and we ha\/e from (3.11)
) 1 Z
7l7k k ]\]‘n7 — '”L,k? ém,k (),k} k

n
Uk Emk — Ok 0o, — Ok
— Xm b )
Nn,k+1{z ok v? }+Nn,k+1

m=1
g 0o,k — O
B Nn,k + ]-Qn’k * Nn,k +1
n v 1 0o — 0
:Q,k+ L S
n Nn,k +1 n ’ Nn,k +1

n Vnlogl 1
= Qn’k +O< n C;LgQ ogn) +O(\/nloglogn> +O<n>

log1
- Qut yoftosln
n n

Then losl
6,6 Ly o REEL) s (A5

By condition (C2) we have
pu = = (0.~ 9)- V(o) +0([6, — ©]+*)

Qn loglogn A
= =" V()| + O +o(]16. - ©]'*)

n

For 6 € (0,3) we have that O(W%) =o(n=1/279/3) as., with result of (A.2) we get

pn—v = % V(,o)’9 + o(n_1/2_5/3) a.s. (A.6)

On the other hand we have
A(Nn —nv) =X, —v
N, _
= AMn + g(ﬂ_i)ﬁn—l> - g(v,v)
N, _ A 1+6
i —v)H—l—(@n1—®)V(p)|@E+0<HJZ”‘11 —’UH )
+ 0<||(:)n_1 - @||1+5) a.s.

O V(P)|9E+ Nooy = (n = Lo H+0(n_é_g> —i—o( —n=1

s

n —

= AMn +

n n—1

+ o(||én_1 - @||1+5) a.s.
So using (A.3) we obtain

@n H 1.5
anm):AanL?V(p)bEJr(Nn_lf(nfl)v) <I+n_1>+o(n 2 3> a.s. (A7)

Now we can use Lemma A.1 as we have similar composition in the previous equation, we get with the
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notations defined in Lemma A.1

n

N,, —nv = Z (AMm + % V(p)|0 B+ 0<m1/25/3>) Bn.m

m=1
n n m AQk n - - A o .
= ;AMmBn,m +;; = V()le B Bnm +m§_:10(m 1/2 5/3) (E> log 1%)
= z": AM, By, m + z": AQmV(p)|,-E zn: %ank + 0(n’1/2*5/3) s
m=1 m=1 k=m

Since

5 o) (2) b (2) o)

m=1

so we obtain for U, := > | AMy, By + Y om 1 AQm, V(p){e BN %Bnk

N, —nv="U, + o(nfl/zf‘s/g) a.s. (A.8)

Note. The presence of the term o(n~/279/3) in (A.6) and (A.8) is for having a vanishing term when
multiplying by 1/n when using CLT as presented in Hall and Heyde (1980).

Now we check Lindberg condition for U,, based on Lemma A.3, by condition (A2) and Lemma A.1 result
Wehavefor0<a<§—2:

1 2+e
W{HAMan,mHQ”HIAQm2+5+HAQmV(p)!9-E By }
k=m

<o () ) (3 )

m= k=m
C & Ao
TN (ORO)

— 0, n— +o0

24¢e

= ne/2

With Lindberg condition being verified, we can use Hall and Heyde (1980) applied on (A.6) and (A.8) to
conclude. For the calculation of covariance matrices the reader can refer to Hu and Zhang (2004). O

B Generalized ERADE for K treatments

Lemma B.1. Let o € [0,1), v € (0,1), C > 0, ({,)n>1 a positive increasing sequence such that
Vn € N: ¢, <n and (Uy,) a real sequence such that U, ~ —nav, then:

_ +
lin <C " UUf) 0.
n

n—-+o0o n

Proof. Case 1: ({;)nen is bounded

Uey,

As (£,) is increasing sequence then £, is stationary so =

— 0, which gives:
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U, -U, _(C U, —U, \ T
lim —+—"=—av — lim -t — =0
n—-+oo n n n—+oo \ N n
Case 2: {,, —» +0o0

. . U
In this case we have lim,,_, o e‘f” = —aw, then:

U,
Ve >0, INeN, Vn >N, —e< €€"+av§6 a.s.

n

U,
= —e—av < &

<e—av a.s.
n

U&, én En
=5 ——<e—4+av—<e+av a.s.
n n n

c U,—-U C

Un
= —+ =< —+—+e+tav as
n n non

+
So as U,, ~ —nav we obtain that lim,_, % + % < 0 then lim,,, 4 (% + U";A) =0

O
Lemma B.2. Suppose {M,,, Fn;n > 1} is a martingale with E|AM,|?> < Cy, where AM,, = M,, — M,,_1
and {F,} is a filter of sigma fields with F; C Fo C ---. Then, for any L > 4,
(i)
E {ma}g | M, — Mnm] < 4+/CoL (B.1)

m<

E { max ]w”‘M"—"”ﬂ < 124 /@ (B.2)
m:L<m<n m L

Proof. (i) The triangular inequality gives that |M,, — My,_.,| < |M,, — My—r| + |Mp—_p, — My, — 1|, then
sSup |Mn - Mnfml < |Mn - MnfL| + sup |Mnfm - MnfL|

(ii)

1<m<L 1<m<L
<2 sup |My, — M, 1|
ke{n—L+1,...,n}
=2 sup |Sk| (B.3)
ke{1,...,L}

where Sk = Mn—L+k - Mn—L-
Define now the new forward filtration Gy := Fp,—r4+r. We have
E[Sk | Gr—1] = Sk—1 + E[ASk | Gr—1]
=Sp1 +EMp_r4x — My—r45—1| Gre—1]
= Sk-1

so {Sk} is a Gg-martingale. Then {S?} is a sub-martingale. Applying Doob’s maximal inequality
as in Lemma C.3 we obtain

E[S?
P sup Sg >z2 | < [ 2L]
ke{1,...,L} x
E[S?
= P sup  |Sk| >z ) < [QL] (B.4)
ke{1,...,L} x



{Sk} being a martingale gives that {ASy} are orthogonal, i.e. Cov(ASy, AS;) = 0. So:

E[S}] =) E[|AS:*]

c=1
L
> E[|AM, - 1qkl?]
=1
0-

k
k
LC

IN

So from (B.3) and (B.4) we obtain

L
P sup |Mn - Mn7m| x| < 4%
me{l,...,L} x

Then

E

“+oo
sup  |My — My_nl|| = / P sup  |M, — My_pn| >z | de
me{l,...,.L} 0 me{l,...,.L}

2/ LCoy . 400 L .
< / 1dx + 4/ %dm
0 2VLCy ¥

=44/ LCy

IMn - Mn—'m| 1
E| max ——| < Z FﬂE max  |M, — M, _n|
log, (L)

L<m<n m 21-1<m<27
<j<logy(n) -

1
< > WE[ggglen—Mnm]
j>logy (L)

4y/Cy -
< > 1
jZlng(L)
s VCo Co

<12

Voi—2 L

j>logy (L)

Lemma B.3. For all { > 1,L < n and any sequence (Q,) C R?, we have

Qn — Q|| < (n—£) max M
m

L<m<n + glg‘% HQn - Qn—m”-

Proof. Let d =mn — ¢. We consider two cases.

Ifd<L:
||Qn - Qé” = ”Qn - andH < max ”Qn - anmH'

m<L
Ifd>1L:

1@n — Qell _ |@n — Qu-dl

d d
< max 1@n = @n_mll
L<m<n m
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= [|@n — Ql| < (n—¢) max M

L<m<n m

So gathering the two upper bounds for both cases we get:

HQ" - QKH < (Tl —f) max M
m

L<m<n +max [@n — Qu-mll,

C General Probability and Martingales Results

Theorem C.1 (SLLN for Martingales; cf. Chow (1967)). Let (X, Fn)n>1 be a martingale difference
sequence, i.e.
E[X, | Fn1] =0, n>1.

Suppose there exists § > 0 such that

e
< oo0.
1+6

n=1 n

Then, with M, = ,_, Xj, we have
M,
— — 0 a.s.
n

Equivalently,
M, =o(n) a.s.

Theorem C.2 (LIL for Martingale; cf. Stout (1970)). Let (M, Fn)n>0 be a square-integrable martingale
with martingale differences Y, = M,, — M,,_1, My = 0. Define the predictable quadratic variation

n
sp=> E[VZ|Fi],
k=1

and set
u, = v/2loglog s2.
2

Assume that s; — 0o almost surely and that the increments satisfy a Lindeberg-type condition (for
example, maxi<p<n |Yi| = 0($n/un) a.s.). Then

M

. n . . n

lim sup =1 and liminf =-1, a.s.
n—oo Snpln n—00 SplUp

In particular, if s2 ~ a*n for some 0% > 0, then

= O(\/ nloglog n) a.s.

Lemma C.1 (Borel-Cantelli Lemma; cf. Corollary 9.21 in Kallenberg (2021)). For a filtration (Fp)nen
and A, € F, forn € N we have

{4, i0.}= ZIP’(An | Fro1) = +00 a.s.

n>1

Lemma C.2 (Doob Maximal Inequality; cf. Theorem 12.4.2 in Gall (2006)). Soit { X, tnen a submartin-
gale. Then for all ¢ >0 and n € N,

E[X+
P(sup szc>§ Xz

0<k<n
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Lemma C.3 (Doob Maximal Inequality; cf. Corollary 2.1.6 in Revuz and Yor (1999)). Let {X,,}n>1 @
martingale or a positive sub-martingale. Then for every p > 1 and ¢ > 0,

E[|X,|P
P( sup |Xk|zA> < ElXaP)
1<k<n AP
and for any p > 1
» \?
B | s (x| < (S21) E1x.P)
1<k<n p—=
In particular for p = 2 we have,

IE[ sup X,f] <4E[X}]
1<k<n

Lemma C.4. Suppose {X,,}n>1 is a square-integrable martingale with E[X1] = 0. Then for A > 0:

Var(X,,)
P X, > ) < 2l
(élzlgpn - > ~ Var(X,) + A2

Proof. For o > 0 we have

]P’( sup X > c) :]P’( sup (Xp +a)? > (c+a)2>
0<k<n 0<k<n

As {X,,} is a martingale then {X?2} is a sub-martingale, so we can apply Lemma C.2 giving that

E [(X, + ¢)?]
(c+a)?

_ Var [X,] +o?

(et

B Var [X,] + (M)z

]P< sup (Xj, +a)® > (c—i—a)) <

0<k<n

C

2
(C + Var[X,] )

c
 Var[X,]
"~ Var[X,] +c2

Var [X,]

; Taking a =

which proves the claim.
O

Lemma C.5. Let (un)n>1 be a sequence of positive numbers and let {X,}n>1 be real-valued random
variables with

C
E|X,| <oo and E|X,|] < — for all n,
u

n

for some constant C < co. Then
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i.e., for every € > 0 there exists M < oo such that

sup P(|X,| > Mu,) <e.
n>1

Proof. By Markov’s inequality applied to the non-negative random variable | X, |,

EX,| _ C

P(1Xn] > Muy) < S <

Given ¢ > 0, choose M > C/e. Then, for all n,
P(|Xn| > Mu,) <e.

This is precisely the definition of X,, = Op(un).
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